The existing methods for fitting mixture regression models assume a normal distribution for error and then estimate the regression parameters by the maximum likelihood estimate (MLE). In this article, we demonstrate that the MLE, like the least squares estimate, is sensitive to outliers and heavy-tailed error distributions. We propose a robust estimation procedure and an EM-type algorithm to estimate the mixture regression models. Using a Monte Carlo simulation study, we demonstrate that the proposed new estimation method is robust and works much better than the MLE when there are outliers or the error distribution has heavy tails. In addition, the proposed robust method works comparably to the MLE when there are no outliers and the error is normal. A real data application is used to illustrate the success of the proposed robust estimation procedure.
Introduction
Mixture regression models are widely used to investigate the relationship between variables coming from several unknown latent homogeneous groups. They have applications in many fields, including engineering, genetics, biology, econometrics, and marketing. A typical data set is the tone perception data (Cohen, 1984) which is shown in Fig. 1 . In the tone perception experiment of Cohen (1984) , a pure fundamental tone with electronically generated overtones added was played to a trained musician. The overtones were determined by a stretching ratio. The experiment was designed to determine if either of the two musical perception theories was reasonable (see Cohen, 1984 for more detail). Based on Fig. 1 , two lines are evident which correspond to the behavior indicated by the two musical perception theories. The two regression lines correspond to correct tuning and tuning to the first overtone, respectively.
The model setting for mixtures of linear regression models can be stated as follows. Let Z be a latent class variable with P(Z i = j | x) = π j for j = 1, 2, . . . , m, where x is a p-dimensional vector. Given Z i = j, suppose that the response y i depends on x in a linear way where φ(·; µ, σ 2 ) is the density function of N(µ, σ 2 ). See, for example, Jacobs et al. (1991) , Jiang and Tanner (1999) , Wedel and Kamakura (2000) , and Skrondal and Rabe-Hesketh (2004) , for some applications of model (1.2). The unknown parameters in the model (1.2) can be estimated by the maximum likelihood estimator (MLE), which maximizes (1.3). Note that the maximizer of (1.3) does not have an explicit solution and is usually estimated by the EM algorithm (Dempster et al., 1977) .
Note that different permutations of component parameters will give the same density f (y | x) of (1.2), which is called label-switching in mixture models. See, for example, Celeux et al. (2000) , Stephens (2000) , and Yao and Lindsay (2009) for more detail. Hence, we will say the model (1.2) is identifiable up to a permutation of component parameters. To insure the identifiability of the model (1.2), we adopt the conditions of Hennig (2000) . Similar to the least squares estimate (LSE) for linear regression, the normality based MLE is sensitive to outliers or heavy-tailed error distributions. For linear regression, the M estimate, which replaces the least squares criterion by a robust criterion, is one of the most commonly used robust estimates for the regression parameters. See, for example, Huber (1973 Huber ( , 1981 , Andrews (1974) , Rousseeuw and Yohai (1984) , Hampel et al. (1986) , Yohai (1987) , and Rousseeuw and Leroy (1987) , for more detail. However, there is little research related to estimating the mixture regression parameters robustly, in part because it is not easy to replace the log-likelihood in (1.3) by a robust criterion similar to the M estimate. Neykov et al. (2007) proposed robust fitting of mixtures using the trimmed likelihood estimator. Markatou (2000) and Shen et al. (2004) proposed using a weight factor for each data to robustify the estimation procedure for mixture regression models. There are also some related robust methods for linear clustering; see, for example, Hennig (2002 Hennig ( , 2003 , Mueller and Garlipp (2005) , García-Escudero et al. (2009 , 2010 .
In this article, we propose a new and simple robust estimation procedure for the mixture regression parameters by modifying the existing EM algorithm rather than focusing on the maximization of the function (1.3). Due to the normality assumption, the least squares criterion is used in the M step of EM algorithm for mixture regression models. We propose replacing the least squares criterion in the M step by a robust criterion, such as Tukey's bisquare function. Based on a Monte Carlo study, we demonstrate that the proposed new estimate is robust and much more efficient than the MLE when the data have outliers or the error distribution has heavy tails. Furthermore, the proposed method provides results comparable to the traditional MLE when there are no outliers and the error is exactly normal.
The rest of this article is organized as follows. In Section 2, we introduce our new robust estimation procedure for mixture linear regression models. In Section 3, a Monte Carlo simulation study and a real data application are used to illustrate the robustness of the proposed methodology and compare it with the traditional MLE. Some discussions are given in Section 4. Technical conditions and proofs are provided in the Appendix.
Robust mixture regression models

Introduction to the existing estimate
It is well known that the log-likelihood function (1.3) is unbounded and goes to infinity if one observation exactly lies on one component line and the corresponding component variance goes to zero. There has been considerable research dealing with the unbounded likelihood issue. See, for example, Hathaway (1985 Hathaway ( , 1986 , Chen et al. (2008), and Yao (2010) . In this article, for simplicity of explanation of our new robust method, we assume equal variance for each component in order to avoid the unboundedness of the mixture likelihood (1.3).
The existing EM algorithm to maximize (1.3) is as follows. 
, i = 1, . . . , n; j = 1, . . . , m.
M step: Update the parameters
is a n ×n diagonal matrix with diagonal elements
It can be seen from (2.1) that the MLE based EM algorithm updates β by a weighted least squares estimate in the M step, since φ(·) is a normal density. It is well known that the least squares criterion is sensitive to outliers and heavy-tailed error distributions. In this article, we provide a robust estimation procedure for the mixture regression models.
Robust estimation of a mixture of linear regressions
It is not easy to use the idea of an M estimate to directly replace the objective function (1.3) with a robust criteria. In this article, we propose to replace the least squares criterion (2.1) in the M step of Algorithm 1 with a robust criterion ρ.
where ψ(·) = ρ ′ (·) and σ (k) is a robust scale estimate of the error ϵ ij 's. One of the commonly used ρ functions is Huber's ψ-function ψ c (t) = ρ ′ (t) = max{−c, min(c, t)} (Huber, 1981) . Huber (1981) recommends using c = 1.345 in practice, which produces a relative efficiency of approximately 95% when the error density is normal. Another possibility for ψ(·) is Tukey's bisquare function ψ c (t) = t{1 − (t/c) 2 } 2 + , which weights the tail contribution of t by a biweight function. In the parametric robustness literature, the use of c = 4.685, which produces 95% efficiency, is recommended. If we use L 1 loss function ρ(t) = |t|, we will get the median regression. For more detail, see Huber (1973 Huber ( , 1981 , Andrews (1974), Beaton and Tukey (1974) , Holland and Welsch (1977) , and Hampel et al. (1986) .
Note that
where W (t) = ψ(t)/t and
Based on the above approximation, the solution of (2.2) can be approximated by
which is one step of the iterative reweighting algorithm (Maronna et al., 2006, Sec. 4.5.2 
.
where j = 1, . . . , m, W * (k+1) j is a n × n diagonal matrix with diagonal elements {p * (k+1) ij , i = 1, . . . , n}, and
Here, (2.4) is our proposed robust scale estimate, which extends the idea of M-estimate of scale (see Maronna et al., 2006 , Section 2.2 for more detail). Note that (2.4) is similar to the traditional nonrobust scale estimate for mixtures of regression except for the adjustment factor ''2'' and the weights w (k+1) ij , which are the bisquare weights recommended by Maronna et al. (2006) . One may also apply some other robust scale estimate to get the weights w (k+1) ij .
The above proposed method can be easily extended to the unequal variances case. For example, similar to Hathaway (1985 Hathaway ( , 1986 , the above robust EM-type algorithm can be implemented over a constrained parameter space
T , and Ω denotes the unconstrained parameter space.
In (1.1), if x only includes the intercept term 1, the model is the regular normal mixture model. Hence, our proposed robust estimation procedure can be also used to robustly estimate the location parameters in the normal mixture model.
Initial values:
There are many ways to find the initial values for {π
One method is to use trimmed likelihood estimates (TLE) (Neykov et al., 2007) . Note that the TLE is robust to both low leverage and high leverage outliers under certain general conditions (Neykov et al., 2007) . Another possible method is that we first randomly partition the data or a subset of the data into m groups. For each group, we use some robust regression method, such as the MMestimate (Yohai, 1987) , to estimate the component regression parameters. Similar partition ideas have been used to find the initial values for finite mixture models (McLachlan and Peel, 2000) . In addition, we can also apply the robust linear clustering method to find the initial regression parameter values. See, for example, Hennig (2002 Hennig ( , 2003 , and García-Escudero et al. (2009) . Note that though, technically, the robust linear clustering methods do not produce consistent regression component estimators. But in many cases, they are close enough to provide good initial values, since the proposed algorithm does not require the initial values to be consistent. Convergence of Algorithm 2: In the estimating Eq. (2.6), if we replace p ij by z ij , where z ij is the latent component indicator and is equal to 1 if ith observation is from jth component and 0 otherwise, then the corresponding proposed Algorithm 2 can be considered as the ES algorithm proposed by Elashoff and Ryan (2004) for estimating equations with missing data. Therefore, the convergence property of the proposed Algorithm 2 can be proved similarly to the ES algorithm of Elashoff and Ryan (2004) .
Asymptotic results
In this section, for simplicity of explanation and the proof, we assume that the scale parameter σ used in (2.2) is fixed.
T andθ n be the estimate found by our proposed robust EM-type Algorithm 2. Note that theθ n solves the following estimating equations
where
(2.8)
where p ij = p ij (θ) is defined in (2.8). Therefore, our proposed estimateθ n solves the equation 
, where θ 0 is the true value of θ. Note that the true value of θ 0 is not unique due to the label switching. Therefore, the consistent sequence {θ n , n = 1, 2, . . . , } depend on the specific label of θ 0 . The above theorem states that when the error is normal there exists a consistent solution to the equation S n (θ) = 0. If there is only one root of S n (θ ) = 0, the above theorem tells us that the estimate found by the proposed algorithm must be consistent.
However, like general estimating equations, there may be multiple solutions to the above equation and the selection of a consistent root is usually very difficult. In addition, it is also very difficult to directly prove that the sequence found by our algorithm is consistent. We will provide an empirical way to select the root when multiple roots are found in Section 3.
Let 
Robustness: Based on our empirical studies, the method based on Tukey's bisquare has greater resistance to high leverage outliers and has overall better performance than the method based on Huber's function. Hennig (2004) treats 1-d mixtures, which is ''intercept-only'' regression and therefore a special case of what is treated in this article. Hennig (2004) proved that the robust mixture estimates by maximizing some objective functions have low breakdown. It will be interesting to know whether their results can be similarly proved for mixtures of regression models if estimating equations based estimators are used.
Since our proposed estimate solves the Eq. (2.10), based on the theory of M estimate (Maronna et al., 2006, Section 5.4 .2), the influence function of our proposed estimate is
where A is defined in (2.10) and Ψ is defined in (2.9).
The sample breakdown point is another important measure of the robustness. However, as García-Escudero et al. (2010) stated, the traditional definition of breakdown point is not the right one to quantify the robustness of clustering regression procedures to outliers, since the robustness of these procedures is not only data dependent but also cluster dependent.
Simulation studies and real data application
In this section, we use a Monte Carlo simulation study and the analysis of a real data set to compare our proposed robust estimation procedure with the MLE for mixture regression models. For the proposed robust method, we consider both Tukey's bisquare function with c = 4.685 and Huber's ψ function with c = 1.345 and denote them by robust-bisquare and robust-Huber, respectively. We run the proposed EM type algorithm until the maximum difference between the updated parameter estimates of two consecutive iterations is less than 10 −5 . For the MLE, we start the algorithm from 20 random initial values and then choose the converged mode with the largest likelihood. For better comparison, we also include the robust estimates based on the trimmed maximum likelihood estimator (TLE) proposed by Neykov et al. (2007) with the percentage of trimmed data α set to 0.1. The choice of α plays an important role for the TLE. If α is too large, the TLE will lose much efficiency. If α is too small and the percentage of outliers is more than α then the TLE will fail. In our simulation study, the proportion of outliers is never greater than 0.1.
The TLE is implemented based on the FAST-TLE algorithm (Neykov et al., 2007 with 20 initial values calculated from 20 randomly chosen sub-samples). For robust-bisquare and robust-Huber, we used 22 initial values that consists of FAST-TLE, robust linear clustering method (García-Escudero et al., 2009) , and 20 initial parameter values used by FAST-TLE. When the proposed algorithm can identify multiple roots, it is important to find the right one. However, finding a consistent root among multiple roots is always a difficult problem for estimating equations. In our simulation study and real data analysis, we used the root, called modal root, which most initial values converge to. (One of the motivations of using modal root is that it can be used to approximate the major maximizer of the unknown objective function that defines the estimating Eq. (2.10) if the area associated with major maximizer is larger than the area associated with any other local minor maximizer/minimizer Li et al., 2007.) Although it is difficult to give the theoretical support for such choice, our empirical study demonstrates the effectiveness of using such modal root. In addition, our empirical study found that the converged roots starting from FAST-TLE are usually the same as the modal root. Therefore, in practice, to save computation time, one might simply run the proposed algorithm starting from FAST-TLE.
In addition, for mixture models, the label switching issues (Celeux et al., 2000; Stephens, 2000; Yao and Lindsay, 2009 ) also create much trouble when doing comparison using the simulation study. Different labeling strategies might give totally different results and there are no widely accepted labeling methods. In our simulation study, we simply choose the labels by minimizing the distance to the true parameter values. It requires more research to compare different labeling methods. Example 1. We generate the independent and identically distributed (
where Z is a component indicator of Y with P(Z = 1) = 0.25, X 1 ∼ N(0, 1), X 2 ∼ N(0, 1), and ϵ 1 and ϵ 2 have the same distribution as ϵ. Note that the two regression lines will intersect each other when X 1 = 0 and X 2 = 0. We consider the following five cases:
Case 2: ϵ ∼ t 3 -t-distribution with degrees of freedom 3. We use Case 1 to test the efficiency of our robust estimation method compared to the traditional MLE when the error is exactly normally distributed and there are no outliers. Case 2 is a heavy-tailed distribution. The t-distributions with degrees of freedom from 3 to 5 are often used to represent the heavy-tailed distributions. Case 3 is an extremely heavy-tailed t distribution with one degree of freedom. Case 4 is a contaminated normal mixture model, which is often used to mimic the outlier situation. The 5% data from N(0, 5 2 ) are likely to be low leverage outliers. In Case 5, 95% of the observations have the error distribution N(0, 1), but 5% of the observations are replicated high leverage outliers with X 1 = 20, X 2 = 20, and Y = 100. Tables 1 and 2 report the bias and standard errors (Std) of the parameter estimates for each estimate for samples of size n = 100 and n = 400, respectively. The number of replicates is 1000. Based on Tables 1 and 2, we note the following general findings: 1. When there are no outliers and the error is normal (Case I), all methods estimate the parameters well, except that TLE has large bias for some regression parameters. In addition, the MLE works slightly better than the proposed robust methods and robust-Huber works better than the robust-bisquare, especially when sample size is small, such as n = 100. (Note that in this case, the traditional MLE, which assumes a normal error, is asymptotically most efficient.) 2. For Cases II to V, all robust estimates work much better than the MLE. In addition, the robust-bisquare overall has the best performance. (For Case V, TLE works slightly better than robust-bisquare when n = 400.) 3. For Case II (ϵ ∼ t 3 ) and IV (ϵ ∼ 0.95N(0, 1) + 0.05N (0, 5 2 )), the robust-Huber works better than the TLE. For Case III (ϵ ∼ t 1 ) and V (5% high leverage outliers), the TLE works better than the robust-Huber, which has a large bias for parameter estimates.
Based on the above findings, we can see that the robust-bisquare is robust to both low leverage outliers and high leverage outliers and has the overall best performance. Therefore, in practice, we recommend the use of robust-bisquare method. Table 3 reports the average number of found solutions when using 22 initial values for the proposed robust methods. From the table, we can see that in many cases the proposed algorithm can identify multiple solutions and the average number of found roots tends to decrease when sample size increases.
Example 2. We generate the independent and identically distributed (i.i.d.) data {(x i , y i ), i = 1, . . . , n} from the model
where Z is a component indicator of Y with P(Z = 1) = P(Z = 2) = 0.3, P(Z = 3) = 0.4, X ∼ N(0, 1), and ϵ 1 , ϵ 2 , and ϵ 3 have the same distribution as ϵ. We consider the same five cases for ϵ as in Example 1, except for Case V, in which the 5% high leverage outliers are X = 20 and Y = 200. Note that in this case all three components have the same sign of the slopes and the first two components are very close. Tables 4 and 5 report the bias and standard errors (Std) of the parameter estimates for each estimate for samples of size n = 100 and n = 400, respectively. The number of replicates is 1000. Based on Tables 4 and 5 , we can get similar findings to the Example 1, except that TLE also works better than robust-Huber in Cases II and IV. Table 6 reports the average number of found roots. From the table, we can see that the average number of roots tends to decrease when the sample size increases. In addition, based on Tables 3 and 6, we can also see that the average number of roots tend to increase when the number of components increases.
Example 3. Next, we use the tone data introduced in Section 1 to illustrate the robust-bisquare method and compare it with the MLE. To better see the robustness of our proposed estimate, we have added ten identical high leverage outliers (0, 4) to the original data set (the range of the Actual tone ratio in the original data set is from 1.35 to 3), and refit the data with both the robust-bisquare and the MLE. For this data set, robust-bisquare found four solutions and 13 out of 22 initial values converged to the modal root. For this data set, both FAST-TLE (Neykov et al., 2007) and robust linear clustering estimate (García-Escudero et al., 2009) converge to the modal root. The numbers of initial values converged to the other three minor roots are 4, 3, and 2, respectively. Fig. 2 shows the scatter plot with the estimated regression lines generated by MLE (dashed lines) and robust-bisquare (solid line) for the data augmented by the outliers (stars). From Fig. 2 , we note that our proposed robust method provides almost the same fit as the one in Fig. 1 and thus is robust to the added outliers. However, the MLE for one of the components fits the line through the outliers and the MLE for the other component fits the line using the rest of data. In this case, the ten high leverage outliers have a big impact on the fitted regression lines.
Discussion
In this article, we propose a new robust estimation procedure for mixture regression models. Instead of modifying the loglikelihood objective function, we propose to modify the existing EM algorithm for mixture regression models by replacing the least squares criterion with a robust criteria in the M step. Our empirical study demonstrates that the proposed method which utilizes the bisquare function works well and is robust and much more efficient than the existing MLE when there are outliers present or the error has heavy tails. In addition, the proposed robust estimation procedure has performance comparable to the MLE when there are no outliers and the error is exactly normal. We believe that similar modifications can be applied to other mixture regression models such as mixtures of generalized linear models. Such extensions will be our future interest.
Although our empirical study demonstrates the effectiveness of the proposed modal root when multiple solutions are found, it requires more research to provide some theoretical guideline for the choice of a consistent root. One method is to find the objective function for the estimating Eq. (2.7) and then choose the root that maximizes the objective function. Similar ideas have been used by McCullagh and Nelder (1989) , Li (1993) , and Hanfelt and Liang (1995, 1997) . Theorems 2.1 and 2.2 assume that σ is fixed. The things will be more complicated if σ is estimated. Note that the scale estimator (2.4) can be considered as the solution to the estimating equation
where ρ(·) corresponds to Tukey's bisquare function. Therefore, if σ is estimated, Theorems 2.1 and 2.2 can be still proved similarly by adding another estimating Eq. (4.1). However, the asymptotic variance in Theorem 2.2 will be different if σ is estimated. In addition, note that Theorem 2.1 only proved the existence of a consistent sequence of solutions. The normality results given in Theorem 2.2 only applies to that particular consistent sequence found in Theorem 2.1. Unfortunately, we are not able to directly prove that the solution found by the proposed algorithm is consistent, which is a very difficult task and requires more research. Therefore, Theorems 2.1 and 2.2 have very limited practical use. However, one thing that Theorem 2.1 can tell us is that the estimate found by the proposed algorithm is consistent if the estimating equations only have one root.
The condition A1 is the identifiability conditions for mixtures of linear regression models used by Hennig (2000) . The condition A3 guarantees E{Ψ (Z, θ)} = 0 and thus the existence of a consistent solution to the estimating functions when the error is normal. If ψ(·) is an odd function, then the Condition A3 is satisfied. The conditional A5 is satisfied if Ψ (Z, θ) is continuous in θ for every Z and |Ψ (Z, θ)| is dominated by an integrable function, say, G(Z ). Here, we put conditions directly on estimating function Ψ (Z, θ) (Godambe, 1991) , instead of on x-variables. Hennig (2000) pointed out that some limiting So, on A c n , (θ * − θ 0 ) T S n (θ * ) > 0 and C n { ((x 1 , y 1 ) , . . . , (x n , y n )) : (θ * − θ 0 ) T S n (θ * ) < 0} ⊂ A n .
Note that P(C n ) → 1. Therefore, P(A n ) → 1 and, with probability going to 1, S n (θ) = 0 has a solution in B(θ 0 , ϵ) and the definedθ n must also be in B(θ 0 , ϵ) satisfying S(θ n ) = 0. Therefore, ∥θ n − θ 0 ∥ < ε, and P(∥θ n − θ 0 ∥ < ε) → 1. 
Proof of Theorem
